The superradiant behaviour of the Dicke model is examined using the Yudson representation. This is achieved by computing the time evolution of the mean photon current density and photon number. Extensions of this model including energy splitting and spatial separation are then investigated using this technique.
I. INTRODUCTION
It is 60 years since Dicke [1] put forth the notion of cooperative spontaneous emission. That is, in a system of atoms interacting with a common electromagnetic field each atom cannot be treated in isolation. Rather, they act in a cooperative manner and emit a photon pulse with a higher than expected intensity. This phenomenon is known as superradiance. In particular, for a completely inverted population the transition to the ground state happens on a time scale τ ∼ 1/M , M being the number of atoms [2, 3] . Dicke's original model considered a system of two-level atoms coupled to an EM field (treated classically) via electric dipole transition. He showed an enhancement in the probability that a single photon is emitted when the initial state has small S z quantum number. Subsequently similar models, in which the system is contained in a cavity and coupled to single mode of a quantum EM field were extensively studied, H = ω c a † a + ω 0 S z + c a † S − + aS + ω c and ω 0 being the cavity and transition frequencies respectively. The resonant model ω c = ω 0 was solved exactly [4] and its thermodynamic properties studied. It was found that the single mode and multimode models exhibited a phase transition from normal to superradiance at finite temperature [5, 6] . The superradiant phase being characterised by S z /M → 0, in close analogy with ferromagnetism. Time dependent observables were also calculated [7] and found to be oscillatory with the period being sensitive to the number of photons in the initial state. Later, zero temperature phase transitions were also proven when the system is either collectively driven or damped. [8, 9] More recently there has been renewed interest in this field. Models coupling photons to two-level atoms or, in more modern parlance, fluxoniums, are of great interest due to the applications in quantum information theory and quantum computing. Experimentally, great advancements have seen the observation of phase transitions for the first time and cooperative effects in cold atomic gases (see [10] the successful construction of a superradiant laser [11] . In this article observables of an effective 1-dimensional model, (1), of superradiance are calculated. This model differs from those described above in that it includes the full spectrum of the EM field and is situated in a 1D waveguide of infinite size rather than a cavity. Accordingly no phase transitions of the type already expanded upon are expected. Through the exact time evolution of these observables, using an initial state of excited atoms, superradiance is explicitly shown (there is no oscillatory behaviour for the reasons just stated). It is found that exciting N out a system of M two-level atoms and preparing them in a state characterised by spin s ≤ M 2 , the superradiance is given by
N p being the photon number operator. In particular note that when the system initially has a complete population inversion, s = This question is then investigated in two other variations. The first allows for varying transition frequencies of the atoms, known as inhomogeneous broadening, while the second includes spatial separation of the atoms with or without broadening.
II. AN EFFECTIVE 1D HAMILTONIAN
Here an effective 1D field theory of superradiance based on the Dicke model is considered. It is a non-chiral version of that obtained by Yudson and Rupasov [12, 13] via reduction from the full 3D model of superradiance. The system described is that of left and right moving photons (with the speed of light set to unity) interacting with a collection of M two level atoms located at the origin. The Hamiltonian is 
one obtains
where the field b † 0 (x) is a decoupled photon field, while the field b † (x) creates a chiral photon at x which interacts with the system of two-level atoms. Actually it is a combination of photonic modes propagating symmetrically left and right with respect to the impurity. In the following, initial states used to compute observables will be purely atomic and so the non-interacting photons will not contribute. The superradiance is therefore described by the field b(x) and is governed by,
This Hamiltonian commutes with the excitation number, (6) being equal to the number of photons and excited atoms and S 2 the total spin. The Hamiltonian, (5), is integrable and its highest weight maximal spin eigenstates in the subspace N were given by Rupasov and Yudson. The completion of diagonalisation to include lower spin states is due to A. Culver [14] . The highest weight and maximal spin eigenstates in the subspace N are given by,
Here
which ensures (7) are also eigenstates of (6) and S 2 , while
describes the phase shift acquired by the photon as it crosses the the M-atom system, and 1 − 2icθ(xi−xj )
λi−λj +ic captures the photon-photon interactions induced by the impurity. The set of rapidities λ = (λ 1 , . . . λ N ) parametrises the solution. The ground state |0 contains only unexcited atoms,
. Note (9) has a pole at −iM c/2 signalling a bound state of a photon and unexcited atom. The corresponding eigenvalues are
The states λ form a complete set on the M + 1 dimensional subspace spanned by (S + ) n |0 , n = 0, 1, . . . , M , the completely symmetric part of the atomic Hilbert space. Using these solutions, eigenstates with lower S 2 eigenvalues are obtained via the following construction: Denote by O i1,...,iα the operator which acts on the vacuum to create a Bethe state of the form (7) but only for atoms i 1 . . . i α . This is then an eigenstate of H for M = α with atoms labelled i 1 . . . i α . It follows that
will be an eigenstate of (5), (6) and S 2 with the eigenvalue of the later being 
. Lower multiplets are obtained by repeating this procedure. The singlet state does not interact with the photons and is already an eigenstate of (5).
We now turn to the time evolution of superradiance, when the system is quenched from an initial state of of excited N, N ≤ M atoms. An arbitrary initial state can be represented by utilising the contour integral method developed by Yudson [12] [15] . This replaces the usual formula
with
where the integration is carried out over contours in the complex λ plane which depend upon the initial state as well as the S-matrices present in the Bethe state and
The superradiance of (5) is examined by computing the time evolved photon current density, j(z) = vρ(z) (with v = 1, in present units) and the photon number,N p ,
where |Ψ 0 is an arbitrary atomic state. Presently, only states in the symmetric atomic Hilbert space are consid-
The first equality in (16) is due to the choice of units and the chirality of (5).
The relation of (16), (17) to the corresponding quantities for the non-chiral system are
Using the Yudson representation, the chosen initial state, expanded in terms of Bethe states is
The contours required are given by
The evolution of this state is computed [16] by including a factor of e −iλt and closing the contours in the lower half plane. Starting with the the λ 1 integration only distinct poles are picked up. The result is
The desired quantities can now be evaluated.
Here, only the trivial permutation in the sum P i δ x i − x Pi has contributed due to the Heaviside function. The integrals in (25) can be explicitly evaluated by separating out the Heaviside functioná la
The expression obtained for ρ(z) t vanishes outside of the casual region z < t due to the
which will produce an overall θ(z < t). In addition, it vanishes for z ≤ 0 as should be the case for system comprising of just right moving photons. The exponential decay of (25) depends on both N and M and as will be explained shortly, this a signifier of superradiance. Lastly, note that each term in the sum involves N −m−1 integrals resulting in a factor of c −N +m+1 which leaves ρ(z) t ∝ c. Figure 2 shows ρ(z) t for different values of the parameters. It is evident that the peak intensity is located at t = z, i.e. there is no delay time. The absence of a delay time can be attributed to the atoms all being at the origin.
The effect of cooperation amongst atoms is more transparent in the quantity (17) . To this end, first note that
To obtain N p t one integrates (25) over z. This effectively makes the N j=m+1 δ(z − x j ) term redundant and one almost reproduces N copies of the identity (27) apart from the m = N term which is purely atomic, therefore Comparing this to the naive result ignoring the cooperative nature of the emitters
one sees that the superradiant system enjoys an enhancement of its coupling constant to c
. It is at a maximum when half of the atoms are initially excited, this is in agreement with the result of Dicke [1] . In particular when the initial state is completely excited the transition rate to the atomic ground state is cM 2 . Alternatively one can see the time scale, τ , for transition to the atomic ground state is significantly decreased from 1/c to 1/c SR and for the completely excited initial state τ = 1/M c. The model (5) includes the full photon spectrum, however the dispersion of emitted photons approaches a Lorentzian sharply peaked about the transition frequency of the atoms [17] at long times [20] . Hence in terms of the intensity I ∼ M ω 0 /τ = cM 2 ω 0 . Thus the two most common descriptors of superradiance are shown. Emergence of the coupling enhancement can be traced back to the pole structure of the photon-impurity S-matrix. The collection of atoms was treated as a single impurity with pole strength −icM/2. Superradiant behaviour is evident even when N = 1,
providing a simple test of whether a system is superradiant or not.
The above calculations proceed in a similar fashion if the an initial state with s < M/2 were chosen. The resulting expressions also involve an enhancement of the coupling constant to c SR = cN (1 + 2s − N ). Therefore, using a completely general atomic initial state specified by s ≤ M 2 , N ≤ 2s
the relevant expectation values are given by
Again, the strongest effect of cooperation is felt when N = s for M even or N = s + 1/2 for M odd. Furthermore, the coupling enhancement persists for N = 1 provided s > 1.
III. GENERALISATIONS
Possible extensions of (5) which are also integrable include allowing atoms to have varying transition frequencies [12] known as inhomogeneous broadening, to be spatially separated [16] or both [18] . To incorporate inhomogeneous broadening into the model an energy splitting term,
Here the contours must be taken so as to lie between the poles closest to the real axis, Imλ 
with N = 1, m = M/2 the time dependent photon part is given by, 
The current density is given by,
One should now immediately recognise that there is no superradiance in this model for any value of splittings. The individual treatment of the atoms present in (47) means that the atoms are not initially correlated and due to the chirality of the photons no correlations can be produced via photon exchange. Thus no cooperative emission can occur. Indeed one can proceed as before, obtaining for the n th atom initially excited and no broadening 
As anticipated the exponential decay is independent of the number of atoms. 
IV. CONCLUSION
In conclusion, the observables j(z) t and N p t have been calculated from an arbitrary initial atomic state. The results show explicitly the cooperative emission produced in the Dicke model. It exhibits the characteristic ∝ M 2 transition rate of superradiance but lacks the time delay. Two extensions of the Dicke model were then examined. The first, allowing for inhomogeneous broadening, was found to exhibit cooperative emission whose effect was reduced compared to the case of no splitting. The second model incorporated spatial separation and broadening and it was found, by considering the pole structure of the photon impurity S-matrix, that no superradiance is evident.
